for various functional forms of g(t) and for various ranges of the magnitudes 2 of the essential parameters fT and «T , where t = time; f = frequency in cycles per second;* a -the frequency modulation parameter in radians/sec ; T = the pulse duration in seconds;
g(t) = h(t) in 0 ^ t -T; h(t) = either a real or a complex function; g(t) =0 in t < 0, t > T.
When the function g(t) is defined in the above manner, Eq. (1) can be rewritten as follows:
G(f. a) = \ h(t) e 1 W " 2TFft ] dt .
*The variable f can be replaced, if the analysis required it, by the difference frequency Af = f -f , where f is the CARRIER FREQUENCY and f is the ^ ' o o frequency at which the spectrum G(f) is viewed. In this case, f is required to lie in a range corresponding to the inequality stated in Eq. (6), but is otherwise arbitrary.
Evaluation of this integral yields in general the spectrum of a general pulse h(t) modulated in amplitude, phase and frequency. The first two types of modulation correspond to variations in the amplitude and phase, respectively, of the complex function h(t). Frequency modulation corresponds to nonvanishing values of the parameter a. In the present paper, only amplitude and frequency modulation will be considered, i. e. , h(t) will be assumed to be a real function of t.
The integral in Eq. (3) is a generalized Fresnel integral in the sense that for arbitrary functional forms of h(t) it is a generalization of the integral . .
(" i at -2Trft ,a) = \ e I J dt , I(f,a) = \ e x l" 
Now the behavior of the special integrals, Eqs. (4) and (5), is well known, and extensive tables are available for use in evaluating them. The same cannot be said, however, for the general case, when h(t) in Eq. (3) is other than a constant. Very little information is available in the literature regarding the behaviour of the generalized integral. In the absence of such information, it was necessary to devise an original approach to the evaluation of Eq. (3). The approach developed by the author and employed in the present paper is outlined in Section C.
B. Summary of Results
The integral in Eq. (3) has been evaluated for nine different caseseight of them specific cases, the other a general case. In each case, the 2 essential parameters fT and aT were assumed to obey the following inequality:
or equivalently, in terms of variables A and A introduced later in the analysis, the following inequality;
A » A » ~L-• A = ^Z ; A 2 = ?2-.
2TTA AT
2TT
The general case referred to above corresponds to the following representation of the function h(t) in the interval 0 ^ t ^ T: h(t) a piecewise-linear function. *
In this case, assuming the interval 0 ^ t ^ T to be divided into N equal intervals, each of length T/N, we have h(t)=h n (t) in (n-l)(l) < t <(n)(^-) ;
where
The eight specific pulse shapes which were treated, together with the corresponding definitions of the function h(t), are listed below and also in Fig. 1 . In the equations below, the function h(t) is followed in each case by the associated spectral function G(f, a) obtained by evaluating Eq. (3) *A method for calculating the FM spectrum of a pulse approximated by a piecewipe linear function is outlined in Section D.
with the aid of the methods outlined in Section C. * 1. Rectangular Pulse
• The expressions for G(f, a) given in Eqs. (11), (13), (15), (17), (19), (21) 
G{f,a) = -(-U) 
Trapezoidal Pulse
T -e h(t) = h.(t) = t/T in 0 < t < T ; T = ±S ; e < T ;
i(t) = h 3 (t) = a n (-t+ T) in T + < t < T ; 
6. Sinusoidal Pulse
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The sine-of-0-squared pulse is a rather interesting one, since it resembles certain physically realizable pulses having rapid rise times and well-defined tails. Moreover, the leading edge (the part to the left of the peak) or the trailing edge, or both, could be fitted together with other functions to approximate other pulses having one or both of the properties mentioned above. Because of the practical potentialities of the sine-of-0-squared pulse, a detailed version of this pulse is presented in Fig. 2 . s n subject to the inequalities stated in Eqs. (6) and (7). For convenience, D will first be rewritten in another form by completing the square in the exponent and then introducing the substitutions
After completing the procedure just described, one obtains, in place of D (f,^), the following integral expression: in Eqs. (6) and (7). During the course of the work being reported here, it was found that one could evaluate J (A, C) by employing successive integrations by parts, while utilizing certain properties of the curve known as the Cornu Spiral.* For example, the first two integrations by parts are carried out in the following manner:
Continuing in this manner, each time setting dv equal to d(e ) and w st equal to the rest of the integrand, one obtains, after the (M+l) integration by parts, the following expansions for the functions J and I n on *See Section E.
The functions I and J in Eqs. (28) and (30) can now be used in the evaluation of certain important related integrals, namely:
*The convergence properties of this asymptotic expansion are discussed in the appendix. •
The next step is to replace J in Eq. (34) by the expansion given in Eq. (30) and J' and J" by the expressions given in Eq. (35). The result of making s these substitutions and combining terms, while employing A= v +-7"=-i "/.
(a, s C)V e -(a, t C)U e 2n n mn en n mn
n mn 2n n mn
The remainder terms r , r, , and r-, in the above equations are defined on In 2n
as follows: r = (a C e on on be combined in order to permit the computation of the FM spectra of three basic waveforms, each one defined in the interval s < t < t . The three n n waveforms referred to above correspond to the following definitions of the function g(t) appearing in Eq. (1):
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"} 18 where 2 2 h (s ) = a + a, s + a-, s ; h (t ) = a + a, t + a-> t n n on Inn £n n ' n n on Inn Lx\ (43a) h' (s ) = a, + 2a, s ; h' (t ) = a, + 2 a , t ; h"(a ) = h"(t ) = 2a 9 n n In 2n n n n In 2n n n n n n 2 n
D. Outline of the Problem of Evaluating the FM Spectrum, G(f, a), of a Pulse Describable as a Piecewise Linear Function of Time in the Interval 0 < t < T
To illustrate the use of the formulas in Eqs. (41) through (43a) in calculating the FM spectrum of a useful function, the problem of calculating the spectrum of a pulse which can be approximated by a piecewise linear function will now be considered briefly. In this problem, using the definition of h(t) for the piecewise linear case, as given in Eqs. (8) and (9), one is faced with the evaluation of the following integral:
which is a special case of the general integral defined in Eqs. (1), (2), and Similarly, the spectrum of the rectangular pulse, as given in Eq. (11), was calculated with the aid of the result given for Case I, with N = 1 , while the spectra of the trapezoidal, parabolic, and parabolinear pulses, as given in Eqs. (17), (15), and (18), respectively, were calculated using the appropriate combinations of Cases I, II, and III and at most a value of N = 3.
E. Geometrical Interpretation of the First Term of the Expansion of J (A, C)
It was stated earlier that certain properties of the curve known as the Cornu Spiral could be utilized in conjunction with the integration-by-parts procedure. While it is not at all necessary to invoke the geometrical characteristics of the Cornu Spiral in this connection, nevertheless by so doing one can provide convenient geometrical interpretations of the various terms in the expansion of J (A, C) given in Eq. (30), and thus provide a much more satisfying analysis than one based on the purely formal integrationby-parts procedure outlined above. In the following, only the first term in the expansion and its geometrical interpretation will be discussed.
The coordinates, x and y, the slope, -r^~ , the second derivative, *-, The function J, as shown in Fig. 4 , is the vector OP from the origin 0 to the arbitrary point P on the spiral. Similarly, the function J in Eq. (28) is the vector P Q shown in Fig. 4 , or equivalently, the vector difference n . IT "£.
°* dx
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r n (A,C) = j e Z ' d£
where and are the radii of curvature at P and Q respectively. TTU n uv n n n Equation (47) was obtained by first noting that the lengths of the vectors * > 1 1 P C and Q D are simply the radii of curvature and , respectively, n n n n r ' Tru n Trv n at the two points P and Q . Next, it is noted that the phase angles of the
, i^i two vectors are y t^u and -j + y v , respectively. For example, the term -j u is simply the angle of inclination of the spiral at P , as given in general in Eq. (46). The remaining angle, -j , appears because the spiral is * being approximated at P by a circle centered at C , and thus PC is 6 ^r n ' n n n perpendicular to the spiral. The above ideas are illustrated schematically in Fig. 7 . In what follows use will also be made of the following important inequalities:
Mn' n which follow immediately from the definitions of u and v given above and n n in Eq. (27) and from the way in which the limits of integration s and t appear in the definition of the basic integral D (f, a) given earlier in Eq. (26): . .
The magnitude, that is, the absolute value, of this complex vector function is seen immediately to be: 
